ON H-GROUPS AND THEIR APPLICATIONS TO 
TOPOLOGICAL HOMOTOPY GROUPS 



ALI PAKDAMAN, HAMID TORABI, AND BEHROOZ MASHAYEKHY 

Abstract. This paper develops a basic theory of H-groups. We intro- 
duce a special quotient of H-groups and extend some algebraic construc- 
tions of topological groups to the category of H-groups and H-maps. We 
use these constructions to prove some advantages in topological homo- 
CN topy groups. Also, we present a family of spaces that their topological 

O | fundamental groups are indiscrete topological group and find out a fam- 

ily of spaces whose topological fundamental group is a topological group. 

on 

r — i 1. Introduction and Motivation 

H 

An H-group is a homotopy associative H-space with a given homotopy 
inverse. There are two main classes of motivating examples of H-groups. The 
first is the class of topological groups and the second is the class of loop 
spaces. Topological groups have been studied from a variety of viewpoint. 
Specially there is an enriched developed basic theory for topological groups 
similar to abstract group theory. However, it seems that there is no such a 
basic theory for H-groups. One can find only the concept of sub-H-group of 
an H-group in [P] and some elementary properties in [D]. One of the main 

Q\ objects in this paper is to develop a basic theory for H-groups similar to 

^ abstract group theory. 

On the other hand, loop spaces have the main role in homotopy groups 

. ^ especially in topological homotopy groups |Glj . The topological n-th homo- 
topy group of a pointed space (X, x) is the familiar n-th homotopy group 
ir n (X,x) by endowing a topology on it as a quotient of the n-loop space 
Q n (X, x) equipped with the compact-open topology, denoted by 7r^ op (X, x) 
|Glj . The other main object of this paper is to study H-groups in order to 
get some applications to topological homotopy groups. 

After giving main definitions and notations in section 2, we introduce 
in section 3 cosets of a sub-H-group, a normal sub-H-group and a quotient 
of an H-group in order to provide preliminaries to begin a basic theory 
for H-groups similar to elementary group theory. We develop the theory 



2010 Mathematics Subject Classification. 55P45; 55P35; 55Q05; 55U40; 54H11. 
Key words and phrases. H-group, sub-H-group, loop space, Topological homotopy 
group. 

1 



2 



A. PAKDAMAN, H. TORABI, AND B. MASHAYEKHY 



in section 4 by introducing the kernel of an H-homomorphisms in order 
to give H-isomorphism theorems, and the concept of the center and in- 
ner H-automorphism of an H-group and their relationship. In section 5, we 
give a topology to a quotient of H-groups which makes them quasitopo- 
logical groups. We also study path component space of H-groups and give 
a necessary and sufficient condition for significance of O-semilocally simply 
connectedness. Finally in section 6, we provide some applications of the 
basic theory of H-groups to topological homotopy groups. More precisely, 
among reproving some of the known results, by using advantages of section 
5, we give some new results for discreteness and indiscreteness of 7r^ op (X, x), 
for n > 1. Also, we find out a family of spaces by using n-Hawaiian like 
spaces, introduced in |G2j . such that their topological fundamental groups 
are indiscrete topological groups. 

2. Notations and preliminaries 

An H-group consists of a pointed topological space {P,Po) together with 
continuous pointed maps \i : P x P — > P, r] : P — > P and the constant 
map c : P — > P, for which /x(lp, c) ~ fi(c, lp) ~ lp, fi(r], lp) ~ /i(lp, rf) ~ 
c and lp) ~ /i(lp,/i) (all of maps and homotopies are pointed ). The 
maps /i, 7] and c are called multiplication, homotopy inverse and homotopy 
identity, respectively. For example every topological group and every loop 
space is an H-group. P is called an Abelian H-group if p; o T ~ pi, where 
T ,P^P by T{x,y) = {y,x). 

Definition 2.1. ([DJ XIX, 3]). A continuous map tp : P — > P' for (P, fx, r], c) 

and (P', //, rj', d) as H-groups, is called an H-homomorphism whenever (pfi ~ 
fi'(ip x ip) and iprj ~ rfip. Also, <p is called an H-isomorphism if there exists 
an H-homomorphism ip : P' — > P such that if o ip ~ 1 P , and ip o ip ~ 1 P ; 
in this event, the H- structures are called H-isomorphic. 

Example 2.2. (jDl XIX, 3]). Let x, y 6 X, and let a be any path from x 
to y. The map a + : fl(X, x) — > fl(X,y) by setting a + ((3) = a^ 1 * (/3 * a) 
is an H-isomorphism by : Q(X, y) — > Q(X, x) as inverse. Also, for 

each continuous map / : (X, x) — > (Y,y), Qf : Q(X, x) — > Q(Y,y) by 
(Qf )(a) =/oais an H-homomorphism and if / is a homotopy equivalence, 
flf is an H-isomorphism. 

Proposition 2.3. f [D"j Theorem 7.2]). If P is an H-group, then ttq(P) is 
a group with the equivalence class of po as the identity. Also, for any H- 
homomorphism ip : P — > P' , 7ro(y?) : vro(P) — > ^o(P') is a group homo- 
morphism. 
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Definition 2.4. (JFJ Definition 3.1]). A pointed subspace P' of an H-group 
(P, [A, i], c) is called a sub-H-group of P if P' is itself an H-group such that 
the inclusion map i : P' — > P is an H-homomorphism. 

Example 2.5. Given a pointed space (Y,y ) with (Y',yo) as a pointed 
subspace. Then the loop space Q(Y',y ) is a sub-H-group of the loop space 
n(Y,y ). 

Theorem 2.6. (]P| Proposition 3.8]). If P' is a sub-H-group of an H-group 
(P, /i, r], c), then 

(i) There exists a continuous multiplication pi : P' x P' — > P' such that 
ifi' ~ x i); 

(ii) For the constant map d : P' — > P' we have id = ci; 

(Hi) There exists a continuous map rj' : P' — > P' such that irf ~ rji. 

Let hTop* be the category of pointed topological spaces with homotopy 
class of pointed maps as morphism. Therefore a map / : (X, x ) — > (Y, Uo) 
is monic if and only if the only pairs (71,(72 : (Z,z ) — > (X,Xo) such that 
fgi ~ fg 2 are the homotopic ones: gi ~ g 2 - Also a map /' : (X,x ) — > 
(Y, y ) is epic if and only if the only pairs hi, h 2 : (Y, y ) — > (Z f , z' ) such 
that hif ~ h 2 f are the homotopic ones: hi ~ h 2 . 

Theorem 2.7. /]P| Proposition 3.9]j. Let P' 6e a pointed subspace of an 
H-group (P, fi,rj,c). Suppose that the statements (i), (ii) and (Hi) given in 
Theorem 2.6 are satisfied and the inclusion map i : P' — > P is a monic. 
Then P' is a sub-H-group of P. 

3. Quotient H-groups 

In this section we assume that (P, \i, r\, c) is an H-group and (P', p! , r]', d) 
is a sub-H-group of P. Also from now on we use g~ l and (71.(72 instead of 
r](g) and p(gi,g 2 ), respectively, for abbreviation of notation. 

Definition 3.1. For each g G P we say that g homotopically belongs to 
P', denoted by g GP' if and only if there exists a path a : / — > P such that 
a(0) = g and a(l) G P'. 

Definition 3.2. Let P' be a sub-H-group of P and g E P. Then we define 
the right coset of P' with representative (7 as follows: 

P'g = {g'eP\ g'.g^eP'}. 

Similarly, the left coset of P' with representative g is defined as follows: 

gP' = {g' G P I g-'.g'eP'}. 
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Figure 1. 



Notation: If a is a path in an H-group P and g G P, then by ga we mean 



Lemma 3.3. For every sub-H-group P' of P the following statements hold: 

(i) For each g G P, g G gP' . 

(ii) Ifgi,g 2 G P', theng^ 1 GP' and g x .g 2 GP'. 
(Hi) g 2 1 .giEP' if and only if ' g x P' = g 2 P' . 

(iv) If gi and g 2 are in the same path component of P, then g\P' = g 2 P' . 

Proof, (i) Let p be the common base point of P and P', then by fi(r], 1) ~ c 
there exists a path from g~ x .g into p . Hence g G gP'. 

(ii) Since g±E P', there exists a path a from g\ into P', which implies 
77 o a is a path from r)(gi) to 77(01(1)) G r)(P f ). Put c/ = o(l) G P', then 
770(1) = r)(g f ) = r)i(g'). Since ii]' ~ r/7, there exists a path /3 from rji(g') to 
ir)'(g'). Thus (770) * /3 is a path from 77(^1) to ir)'(g') and since r/((/) G P', 
we have 1 G P'. By a similar method it can be shown that g±.g 2 GP'. 

(iii) If g\P' = g 2 P', then by (i) g\ G g 2 P' ■ Thus g^.giE P' ■ Conversely, 
let g' G g x P\ then #rVe P'. By (ii) we have {g 2 x .gx){g^ x -g'% P' ■ As- 
sociativity of \i gives g^ 1 .g'E P' which implies g' G g 2 P' and g\P' C g 2 P'- 
Similarly <7 2 P' C piP'. 

(iv) If o is a path from g\ to g> 2 , then g^o is a path from g^.gi to g^ 1 .g 2 . 
In the proof of (i) we showed that g{ X -9\ is connected to po by a path. Hence 
g^ 1 .g 2 is connected to p by a path which implies g\ X -g 2 EP' '. □ 

Example 3.4. Consider loops oi,o 2 ,o 3 ,o 4 in R 2 as in Figure (1). If X = 
\Jt=i^ m ( a i) an d Y — Im(ai) U/m(o 3 ), then is a sub-H-group of fLY 
and Oi,o 3 G Hence 01QY = a 3 QY, but 01 is not homotopic to o 3 . 
This shows that the converse of (iv) in the above theorem does not hold. 
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pi 

Proposition 3.5. For each sub-H-group P of P , the relation ~ on P de- 



fined by 



9\ ~ 92 9i-92 1 ^ F " 



is an equivalence relation in which g±P' is the equivalence class of g±. 

pi pi 
Proof. Trivially g ~ g for each g G P. If gi ~ g 2 , then by Lemma 3.3 (iii) 
pi 

92 ~ 9\- Transitivity comes from definition and Lemma 3.3 (ii). The last 
assertion follows from Lemma 3.3 (i) and (iii). □ 

Note that by the above results the set of all left (right) cosets of P' is a 
partition for P. 

Definition 3.6. For a topological space X, we call a subset A of X sat- 
urated if for each x G A the path component of X which contains X IS cl 
subset of A. If A C X is not saturated, then it's saturation in X is defined 
as A = {x G X | xeA}. 

Lemma 3.7. If P' is a saturated sub-H-group of P, then for any g G P we 

have 

\n (P')\ = \n (gP')\. 

Proof. We claim that if gi,g 2 G P' lie in different path components of P', 
then so do g.g\ and g.g2, since if there exists a path a : I — > gP' from g.gi 
to g.g2, then g~ x a is a path in P' from g~ 1 .(g.gi) to g~ l .(g.g2). By associativ- 
ity of multiplication we have a path from g 1 to g 2 ■ Thus |7r (P')l — l 7r o(fl , -P')l- 
Similarly, if <7i,<?2 £ fi'-P' do not lie in the same path component, then 
<? _1 .<?i, g~ 1 .g 2 &P' do not lie in the same path component of P'. Hence 

Wo(gP')\ < Mm □ 

pi 

Remark. By homotopy associativity of //, we have (g\-g2)-9z ~ 9i-{92-9^) 
for each sub-H-group P' of P and any gi,g 2 ,g3 G P. 

For a sub-H-group P' of H-group P, there are as many right cosets as 
left cosets, since the map gP' — > P'g^ 1 is a one-to-one correspondence. If 
[P : P'], the index of P' in P, denotes the cardinal of the set of all left (or 
right) cosets of P' in P, then we have the following basic result which is 
analogues to Lagrange theorem in group theory. 

Theorem 3.8. If P' is a saturated sub-H-group of P, then 

MP)\ = \n (P>)\.[P;P>], 

when \ttq(P)\ is finite. 
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Proof. There are [P : P'] cosets, each of which with |7r (P')| members by 
Lemma 3.7. It is easy to check that if left cosets g\P' and g 2 P' are different, 
then for each g' G P', g\.g' and g 2 .g' are not in the same path component. 

□ 

Proposition 3.9. If P' is a saturated sub-H-group of P, then n (P') is a 
subgroup of 7r (P) . 

Proof. Let [5-1], [5-2] e ^o(P'), then g 1 ,g 2 eP' gives g 1 .g 2 1 eP' by Lemma 3.3. 
Hence [ 9l ] \g 2 }- 1 = [g^ 1 ] G tt (P'). □ 

Example 3.10. Note that in the above proposition the hypothesis "sat- 
urated" is essential, for if X = R 2 and Y is as in Example 3.4, then 
no(Q(X)) = 1 and n (Q(Y)) = Z * Z, where 1 is trivial group and Z * Z is 
the free product of two copies of Z. 

Theorem 3.11. A saturated subset A of P which is closed under inherited 
multiplication and inversion is a sub-H-group of P. 

Proof. Let /ia = h\axA and t)a = i]\a be as multiplication and inversion 
of A. By Theorem 2.7, it suffices to show that % : A — > P is monic. Let 
hi,h 2 : Z — > A such that % o h\ ~ % o h 2 by a homotopy H : Z x I — > 
P. Since H(z, 0), H(z, 1) G A and path components of A and P coincide, 
H(z,t) G A, for all z G Z,t G I. Hence the result holds. □ 

Theorem 3.12. For every subgroup K of 'ttq(P), there exists a sub-H-group 
Pk of P such that ttq(P k ) = K. 

Proof. Define Pk — {g G P| [g] G K}, we show that Pk is a sub-H-group 
of P. Let x,y G Pr-, then [x], [y] G X. Since K is a subgroup of 7r (P), 
= [x.y] G K and = [x^ 1 ] G X which implies x.y,x~ l G P^. 

Therefore Px is closed under inherited multiplication and inversion. Hence 
by Theorem 3.11 Pk is a sub-H-group. □ 

The following corollary is a consequence of definitions. 

Corollary 3.13. Let P' be a saturated sub-H-group of P and K = ir (P'), 
then P' = P K . 

Suppose that A and B are two subsets of P, by definition we have AB = 
{p G P I peAB}, where AB = {a.b | a G A, b G B}. Note that if P' 
and P" are sub-H-groups of P, then P'P" do not need to be an H-group, 
since p'\-p'[.p' 2 .p 2 is not necessarily connected to p'\-p' 2 -p'[.p 2 by a path, where 
p'nP'2 G P' and p'/,^' G P". For example, consider Z = Im(a 4 ) in Example 
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3.4, then QZ and QY are sub-H-groups of QX and a,\ * a 4 * a 3 * a 4 is not 
nomotopic to a,\ * a 3 * a 4 * a 4 . But if P is an Abelian H-group, then P'P" 
will be an H-group, and we have the following useful generalization of this 
observation. 

Proposition 3.14. If P' and P" are saturated sub-H-groups of P, then 
P'P" is a sub-H-group of P if and only if P'P" = P"P'. 

Proof. Put H = tto(P') and K = n (P"), it is easy to check that ^(Fp") = 
HK. Since P'P" is saturated, by Corollary 3.13 and the similar algebraic 
fact, the result holds. □ 

Lemma 3.15. // P' and P" are sub-H-groups of P, then the following 
statements hold. 

(i) p^p> = T'. 

(ii) g p' = g P' = g P' ; for each g e P. 
(Hi) P'P" C P'P'' C P^P". 

(iv) (g.f^P') = gi (P'g2)P', for each 9l ,g 2 e P. 

( v ) g'P' = p' } for each g'eP'. 

Proof. For (iv) let x G (giP')(g2P'), then x is connected to X1.X2, where 
g^ 1 .xi, g 2 x .x 2 EP' . Let y = g{ x .x\.g 2 . Thus y.g^EP' and y~ 1 .g± 1 x is con- 
nected to g 2 1 -X2^P' which implies x E gi(P'g 2 )P'. Conversely, for x E 
9\{P' 92)P' 1 there exists y E P such that y.g 2 1 EP' and y^ 1 .g^ 1 .xEP' . If 
p[ E P' is an element that is connected to y^.g^.x by a path, then 
put x\ = g\.y.g 2 l and x 2 = g 2 .p[. The rest of statements can be easily 
proved. □ 

Remark. Although cosets of every subset of P are saturated, but if A 
and B are saturated subset of P, then AB is not necessarily equal to AB. 
For example, let A = Q(Im(ct4)) and B = QY, as in Example 3.4, then 
0:4 E AB, but 0:4 can not be written as multiplication of two loops. Also let 
P' = VlY , gi = a 2 and g 2 = a 4 , then a 2 * oti * a 4 * a 3 E (giP')(g 2 P'), but 
a 2 * cti * 0:4 * «3 ^ (gi.g 2 )P'. 

The notation P'P" suggests a binary operation on cosets. If P' is a sub- 
H-group of P, we can multiply g±P' and g 2 P', and it is natural that hope 
to get g\g 2 P' ■ But this does not always happen as we have shown in above 
remark. Here is one possible criterion. 

Lemma 3.16. If P' be a sub-H-group of P , then the following two conditions 
are equivalent. 
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(i) ( gi P>)(g 2 P>) = ( gi .g 2 )P', for allg u g 2 ^P; 

(ii) gP' = P'g (or equivalently g~ 1 P'g = P' ), for all g G P. 

Proof. Let (ii) holds, then by Lemma 3.15 we have: 

fe^iS^') = 9i(P'92)P' = gmP'P' = gmP^ 9192P' = 9192P'. 

Conversely, if (i) holds, then g~ x P 1 g C (g~ 1 P'g)P', since p G P', and 
{g- l P'){gP') = g- 1 gP'(= P') by hypothesis. Thus gP'g' 1 C P' which 
implies that gP' C P'g = P'g. Since this holds for all g G P, we have 
P'g Q gP', and the result follows. □ 

Note that if gP'g' 1 C P', for all 96?, then in fact gP'g' 1 = P', for all 
geP. 

Definition 3.17. Let P' be a sub-H-group of P. Then we call P' a normal 
sub-H-group of P, denoted by P' < P, if and only if g.g' .g~ 1 £P' for each 
g G P and g' G P'. We define the quotient of P by P', denoted by P/P' as 
follows: 

P/P' = {<?P' \geP}. 

Theorem 3.18. If P' is a normal sub-H-group of P , then P/P' is a group 
in which the coset poP' '(= P') is the identity element. 

Proof. Define ( 9l P').(g 2 P') = ( 9l .g 2 )P' and ( 5l P')^ = ft 1 /* If ftP' = 
# 2 P' and h x P' = h 2 P', then g^ 1 .g 2 eP' and h^\h 2 eP'. Normality of P' 
guaranties that h^ 1 .(ft 1 .g 2 ).hi&P' '. By associativity of /x and Lemma 3.3 

(iii) we have 

[hi 1 .(gi 1 .g 2 ).h 1 ].h^ 1 .h 2 eP' {K 1 .g^).{g 2 .h 2 )eP' (g 2 .h 2 )P' = {g^P 1 

Therefore the product of two cosets does not depend on representatives. 

Associativity : We must show that (ftP' .g 2 P').g 3 P' = giP' ,(g 2 P' .g 3 P') or 

equivalently (gi.g 2 ).g 3 P' = g 1 .(g 2 .g 3 )P l '. By Lemma 3.3 (iii) it suffices to 
pi 

show that {gi-g 2 ).g 3 ~ ft-Cft-ft), and this holds by associativity of fi. 

Inversion: By definition of inverse we have gP'.g~ 1 P / = {g.g~ 1 )P l . Since 

g.g^ 1 is connected to p by a path, (g.ft^P' = poP'P' 

pi 

Identity : It is easy to see that g.p ~ g, thus gP'.p P' = (g.p )P' = gP'. 

□ 

Corollary 3.19. If P' is a normal sub-H-group of P, then P/P' = P/P' . 



Proof. Using Lemma 3.15 (ii) and the fact that P' is identity element of 
P/P', the result holds. □ 
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Lemma 3.20. Let P' be a sub-H-group of P and P" be a sub-H-group of 

pn pi pi 

P' ■ If 9i ~ 92, then g 1 ~ g 2 and g.g x ~ g.g 2 for all gi,g 2 ,g G P. 

Proof. Using definitions and associativity of /i, the result holds. □ 

Theorem 3.21. If P' is a sub-H-group of P and P" is a sub-H-group of 
P', then the following statements hold. 

(i) If P' is a normal saturated sub-H-group, then n (P') is a normal subgroup 

of MP)- 

(ii) P" is a sub-H-group of P. 

(Hi) If P" is normal in P, then it is normal in P' . 

(iv) If P" is normal in P, then P'/P" is a subgroup of P/P". Also, P'/P" 
is a normal subgroup of P/P" if and only if P' is a normal sub-H-group of 
P. 

Proof. Using definitions and Lemma 3.20, the results hold. □ 

Lemma 3.22. The path component of P that contains po, named principle 
component of P which is denoted by Po, is a normal sub-H-group of P and 
n (P)~P/P . 

Proof. The first claim can be founded in [D] . For the second, define 9 : 
7To(P) — > P/Pq by 9([g]) = gPo which is easily an isomorphism. □ 

4. H-MORPHISMS 

Definition 4.1. Let <p : P — > Q be an H-homomorphism. We define the 
kernel of (p as 

kenp = { g e P\ <p(g)e Qo} : 
where Qq is the principle component of Q. 

Proposition 4.2. Let if : (P, fix, rji, c\) — > (Q, n 2 , T]2, c 2 ) be an H-homomor- 
phism, then kenp is a normal sub-H-group of P. 

Proof. Let gi,g 2 G kenp, and let a±, a 2 be paths from <p(gi) and <p(g 2 ) with 
end in Q , respectively. Then /^(ati, ct 2 ) is a path from n 2 (ip(gi), <p(g 2 )) with 
end in Q . By // 2 o(<£>x tp) ~ v 90 / 2 ^ there exists a path from <p(gi.g 2 ) with end 
in Qq which implies that kenp is closed under multiplication of P. Similarly 
kenp is closed under inversion of P. By definition kenp is saturated that 
imply by Theorem 3.11, kenp is a sub-H-group of P. Normality of kerip 
follows from associativity and <p o r\\ ~ i] 2 o tp. □ 
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Let (f : P — > Q be an H-homomorphism, A C P and B C P', then 

fHB) = { P e P | v ( P )eB}. 

Now we can state the following useful lemma. 

Lemma 4.3. Let(p: (P, fii, 771, Ci) — )■ (Q, /U2, 772, C2) fre an H-homomorphism. 
Then 

(i) If (P', /j! l ,r)[,c f 1 ) is a sub-H-group of P, then ip(P') is a saturated sub-H- 
group of Q; 

(ii) If (Q' , // 2 , r]' 2 , c' 2 ) zs a sub-H-group ofQ, then ip~ l (Q') is a sub-H-group 
of P. If Q' is normal, then so is ip~ l {Q'). 

Proof. By a similar proof of Proposition 4.2 the results hold. □ 

Suppose that N is a normal sub-H-group of P, if is an H-homomorphism 
from P to Q and ir is the natural map from P to P/N. We would like to find 
an H-homomorphism Tp : P/N — > Q such that Tp(gN) = tp(g). But there 
is no meaning of H-homomorphism for Tp because P/N is not necessarily 
an H-group. Although we can assume every abstract group as a topological 
group by discrete topology, but it is prevalent that topology of P/N must 
be related to the topology of P. By using the functor 7r , we overcome this 
problem and have some results as follow in the category of groups. In section 
5 we will endow P/N by quotient topology induced from P and prove that 
P/N by this topology is quasitopological group in the sense of |ATj and the 
following results hold in the category of quasitopological group. 
For canonical map tt : P — ► P/N let W : tt (P) — ► P/N by W([g]) = gN. 
Here is the key result. 

Theorem 4.4. For any H-homomorphism ip whose kernel K contains a 
normal sub-H-group N of P, iro(<p) can be factored through P/N. In other 
words, there is a unique homomorphism Tfoif) '■ P/N — > ixq(Q), such that 
7To(<^) o 7f = TT (ip), i.e., the following diagram is commutative: 

MP)^MQ) 



p 

N ■ 



7T (V?) 



Furthermore, 

(i) 7c (ip) is an epimorphism if n Q (ip) is onto; 

(ii) 7To(y?) is a monomorphism if and only if K = N. 
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Proof, (i) It follows from commutativity of diagram. 

(ii) Assume 7r (y?) is monomorphism. Since K is saturated and contains N, 
we have N C K. Let g E K, then (f(g)EQo and so n ((p)(gN) = 1. By 
injectivity of 7r (y?), giV = A" and therefore K — N. The converse is trivial. 

□ 

The factor theorem yields a fundamental result . 

Theorem 4.5. (The First H-isomorphism Theorem). If ip : P — > Q is an 
H-homomorphism with kernel K , then 7To(v?(P)) is isomorphic to P/K . 

Proof. Consider 6 : P/K — > 7r (y?(P)) by 9{gK) = [(p(g)]. Since ip is an 
H-homomorphism, 9 is well defined and homomorphism. For x — [q] G 
7r (v?(P)) there exist p £ P such that gG{v?(p)} and 9(pK) = [ip(p)] = [q] = 
x. Hence 6 is onto. Also, if 0(gK) = [ip(g)\ = 1, then <^(g) e Qo and ^ is 
injective. □ 

If M and iV are saturated sub-H-groups of P, G\ = tto(M) and G2 = 
7i (N), then by using Theorem 3.13, Mfl iV is Pg^g? ^at is a sub-H-group 
of P. 

Lemma 4.6. Let M and N be saturated sub-H-groups of P and N <j P. 

T/ien 

(%) MiV = A^M, and MN is a sub-H-group of P; 
(ii) N is a normal sub-H-group of MN; 
(Hi) M H N is a normal sub-H-group of M. 

Proof. Lemma 3.16, Proposition 3.14 and normality of N imply (i). Since 
N and MN are saturated and n (MN) = 7r (M).7r (iV), 7r (iV) is a normal 
sub group of 7T (M).7T (iV), by Corollary 3.13 and (i), which implies iV is a 
normal sub-H-group of MN. The proof of (iii) is similar to (ii). □ 

Theorem 4.7. (The Second H-isomorphism Theorem). If M and N are 
saturated sub-H-groups of P and N < P , then 

M/M H iV = MN/N. 

Proof. Define 9 : M/M ON — > MN/N by 9(g(M n N)) = gN. Obviously 
9 is a well defined homomorphism. If 9(g(M fl N)) = gN = 1, then g<EN 
(equivalently g <E N since N is saturated) and hence 9 is a monomorphism. 
Assume giV e MN. By definition of MN, there exist mn e MA^ such that 
gG{mn}. Hence 9(m(M fl A 7 ")) = miV = mnN = gN which implies 9 is an 
epimorphism. □ 
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Theorem 4.8. (The Third H-isomorphism Theorem). If N and M are nor- 
mal saturated sub-H-groups of P and N is contained in M , then 

P/M ^ P I N 
1 M/N 

Proof. Define 9 : P/N — > P/M by 0(gN) = gM which is an epimorphism 
with kernel M/N. □ 

Now suppose that N is a normal sub-H-group of P. If M is a saturated 
sub-H-group of P containing N, there is a natural analogue of M in the 
quotient H-group P/N, namely the subgroup M/N . In fact we can make 
this correspondence precisely. Let \I/ be a map from the set of saturated sub- 
H-groups of P containing N to the set of subgroups of P/N by \&(M) = 
M/N. We claim that * is a bijection. For, if M 1 /N = M 2 /N, then for any 
mi E M\, we have miN = m 2 N , for some m 2 G M2, so that m 2 lr miEN 
which is contained in M 2 . Thus Mi C M 2 , and by symmetry the reverse 
inclusion holds, so that M 1 = M 2 and \l/ is injective. Now if G is a subgroup 
of and 7r : P — > P/N is canonical, then 

ir-\G) = { P eP\ P N eG} 

is a saturated sub-H-group of P containing N, and ^(tt~ 1 (G)) = {pN | pN e 
G} = G proving surjectivity of ^f. The map \1/ has a number of other 
interesting properties, summarized in the following result. 

Theorem 4.9. (The Correspondence Theorem). If N is a normal sub-H- 
group of P , then the above map \1/ sets up a one-to-one correspondence 
between saturated sub-H-groups of P containing N and subgroups of P/N. 
The inverse ofty is the map $ : G (->■ 7r~ 1 (G') ; where n is the canonical map 
of P to P/N. Furthermore, 

(i) Mi is a sub-H-group of M 2 if and only if Mi/N < M 2 /N , and in this 
case we have 

[M 2 : Mi] = [M 2 /N : M 1 /N); 

(ii) If M is a normal sub-H-group of P, then M/N is a normal subgroup of 
P/N; 

(Hi) Mi is a normal sub-H-group of M 2 if and only if Mi/N is a normal 
subgroup of M 2 /N , and in this case, 

M 2 /N 



M 2 /Mi 



Mi/N' 

We introduced monies, epics and H-homomorphisms in hTop* in section 
one. Now we define H-morphisms. 
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Definition 4.10. (i) An H-monomorphism is a monic H-homomorphism. 

(ii) An H-epimorphism is an epic H-epimorphism. 

(iii) An H-endomorphism is an H-homomorphism of an H-group to itself. 

(iv) An H- automorphism is an H-isomorphism of an H-group to itself. 

Now we introduce a family of H-isomorphisms that makes a group. 



Proposition 4.11. Let (p a : P — > P given by (p a (g) = a.(g.a x ) ; then for 
each a E P, (p a is an H-isomorphism . 

Proof. First we show that (p a is an H-homomorphism. Let c be homotopic 
to (J,(l,rj) by Hi and H 2 is the homotopy between lp and fj,(l,po). 
Let 6, 6, G, ( 2 :?x?^Pby 

ti(.9,9') = a-idg-Po)^')-^ 1 ), £2(9,9') = (a.g).(po.(g'.a' 1 )), 
Ci(9,9') = (2(9,9') = {a.g.aT 1 ).(a.cf .a' 1 ). 

By associativity of //, there exist homotopies H 3 , H4 such that £1 ~ £2 by 
H 3 and Ci ^ C2 by H 4 . Define F : P x P x I — > P hy 

f a.((ff 2 ( ff ,2i).» , ).a- 1 ) < t < 1/2, 

cv„ ,n_ J H 3 (g,g'At-2) 1/2 < f < 3/4, 

( a . g ).(Hi(a, 8t- 6). (s'.cr 1 )) 3/4 < i < 7/8, 

[ H 4 (g,g',8t-7) 7/8 < t < 1. 

that F(g, </', 0) = a.(((7.(y' / ).a~ 1 ) and F(g, 1) = (a.g.a -1 ). (a. g'.a^ 1 ). There- 
fore tp a o ~ |io (<£> a x </? a ). Similarly 77 o tp a ~ </? a o 77 which implies is 
an H-homomorphism. Associativity of /i implies that tp a o tp a -i ~ 1 and 
tp a -i o tp a ~ 1. Therefore is an H-isomorphism for every a £ P. □ 

Remark. Note that a^g.a' 1 ) and (a.g).a^ 1 are different and </?a(<?) can not 
be shown by a.g.a^ 1 . Hence we define ip a : P — > P by tp a (g) = (a.g).a' 1 
which is homotopic to tp a by associativity. 

Definition 4.12. We call the H-isomorphism (p a introduced above an H- 
inner automorphism of P. 

As in Algebra we expect the equality ip a o ip b = ip a b , but 
Va o (fib(g) = a.([fc.(g>.6~ 1 )].a~ 1 ) 
Va.b(g) = (a.h)\g.(a.b)- 1 }. 
This shows that <p a ol Pb ^ fa.b- If ?7A* — fi(i]xr])oT, where T : PxP — ► PxP 
by T(x,y) = (y,x), then we have ip a o <p b ~ </? a6 by using associativity. It 
seems that for making a group of H-inner automorphism by composition 
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as binary operation, we must work by classes of maps each of which are 
homotopic with f a , a G P . 

Lemma 4.13. If a,b E P are in the same path component, then Lp a ~(p b . 

Proof. Let a be a path from a to b. Then F : P x I — > P by F t (g) = 
(<y(i)) .(g .(a(t)) -1 ) is a homotopy between <p a and □ 

Definition 4.14. We define the center of an H-group P as follows: 
Z(P) = {geP\ n(g,-)~fi(-,g)}. 

Theorem 4.15. Z(P) is a normal saturated sub-H-group of P. 

Proof. For (71,(72 £ Z(P), g\.g<i G Z(P) by using associativity. Similarly 
Z(P) is closed under inversion. Assume g± G Z(P), then L gi = fi(gi, — ) — 
//(— ,gi) = R 9l . If g 2 is connected to g\ by a path a, then L 92 ~ L 9l and 
R g2 ~ Thus L 92 ~ i? 52 . Therefore Z(P) is saturated and by Theorem 
3.11 is a sub-H-group of P. □ 

Proposition 4.16. Let P be an H-group such that satisfies 77 o // ~ 71(77 x 
77) oT, where T : P x P — y P x P by T(x,y) = (y,x). If a ~ 6, then 

fa - fb- 

Z(P) 

Proof. If a ~ b, then there exists a path a from a -1 . 6 to 2 G Z(P). 
Hence aa is a path from 6 to a.z which implies fb — f a .z- Also, f a .z{g) = 
a.z.(g.(a.z)~ l ) shows that f a _ z ~ f a , since (a.z).((— ).(a.z)~ 1 ) ~ 
(a.z).((-).(^ 1 .a- 1 )) ~ (a^-)).^.^- 1 ^- 1 )) ~ a.((-). G - 1 ). □ 

Remark. It seems that all properties of topological groups hold up to ho- 
motopy for H-groups and therefore the hypothesis 77 o /j ~ 71(77 x 77) o T holds 
for every H-group, but authors did not find any proof for this. Note that 
this equivalence holds for loop spaces and for all CW H-groups, since every 
CW H-group is as homotopy type of a loop space [5]. 

Let Inn(P) = {f a \ a G P} and define an equivalence relation on it as 
follow: 

fa ~ fb ^ fa — fb- 

Put Hlnn(P) = Inn(P)/ ~ which is precisely {[f a ] I a, £ P}- Then we 
have 



Theorem 4.17. Let P be an H-group such that satisfies rj/i ~ 71(77 x 77) oT, 
then Hlnn(P) is a group. 
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Proof. Define [<^ a ][Vb] = [fa.b] an d [v^a] -1 = ['/'a- 1 ]- Multiplication is well 
denned, since if [(p a ] = [(p a '\ and [cpi,] = [(fy], then <p a ~ ip a > and ip b — <fb'- 
Therefore ip a o {p b ~ <p a , o tp v , but as we have shown <p a o {p b ~ y? a 6) hence 
yj a .6 ~ </V.&' which means [<p a .b] = [<f a '.b']- Other properties of multiplication 
comes from homotopy associativity, homotopy invertibility and homotopy 
identity properties of /i. □ 

Theorem 4.18. Let P be an H-group such that satisfies rjfi ~ fi(i] xi])oT, 
then Hlnn(P) P/Z(P) 

Proof. Define : P/Z(P) — > Hlnn(P) by Q(aZ(P)) = [<p a ]. By Propo- 
sition 4.17 G is well defined and obviously G is onto and homomorphism. 
For injectivity, assume that <p a ~ ip b or equivalently (fia.b- 1 — lp- If F is 
the homotopy between lp and <£> .&-i, then by using associativity of mul- 
tiplication, /i(6.a _1 , — ) and //(— ,6.a _1 ) are homotopic by (6.a _1 )F. Hence 
fe.a- 1 G Z(P) which implies aZ(P) = bZ(P). □ 

5. TOPOLOGICAL VIEW 

In this section (P, r),c) is an H-group , (P' , fjf , 77' , d) is a sub-H-group 
of P and P/P' is the set of all left cosets of P' in P. We intend to topolo- 
gized the set P/P' by quotient topology that is induced by canonical map 
7r : P — > P/P' which makes it a quasitopological group. Also we study 
path component space of H-groups and find out a necessary and sufficient 
condition for significance of O-semilocally simply connectedness introduced 
in [BR] . 

As introduced in jH], the path component space of a topological space 
X is 7r (A) with the quotient topology with respect to the quotient map 
q' : X — > 7Tq(X), where q'(x) = [x] which is denoted by 7Tq° p (A). 

Definition 5.1. A space X is O-semilocally simply connected (0-SLSC) if 
for each point x G X, there is an open neighborhood U of x such that the 
inclusion i : U — > X induces the constant map 7r (z) : 7Tq° p (?7) — > 7Tq° p (A). 

Proposition 5.2. A space X is O-semilocally simply connected if and only 
if each path component of X is open. 

Proof. Let X = |_l i6l ^Q, where X^s are path component of X. For an 
arbitrary x there is j G / such that x G Xj. Since X is O-semilocally simply 
connected, there exists an open neighborhood U of x such that / kq{%) : 
7Tq° p (?7) — > 7Tq° p (X) is constant map, or equivalently U meets just one path 
component of X which implies U C Xj. Conversely, if each path component 
of X is open, let U be the path component containing x. □ 
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Remark. Obviously locall path connectivity follows O-semilocally simply 
connectedness. 

Corollary 5.3. X is 0-SLSC if and only ifir^^X) has the discrete topology. 

By Lemma 3.22, 9 : P/P — > tt (P) by 0(gP o ) = [g] is a group isomor- 
phism. Then we have 

Lemma 5.4. The group isomorphism 6 : P/P — > 7Tq° p (P) is a homeomor- 
phism. 

Proof. Consider the following commutative diagram: 

P ^P 

1 q' 

Since q and q' are quotient maps, the result holds. □ 

Some important facts about the canonical map tt are collected in the 
following. 

Proposition 5.5. Let (P,fj,,rj,c) be an H-group and (P' , // ,rj' ,c') be a sub- 
H-group of P. Let P/P' be the set of all left cosets of P' endowed with the 
quotient topology induced from P by tt : P — > P/P' . Then 

(i) tt is onto; 

(ii) 7T is continuous; 

(Hi) If P is O-semilocally simply connected, then tt is open . 

Proof, (i) is obvious and (ii) follows by the definition of quotient topology. 
For (iii), let U be open in P. We must show that ir(U) is open in P/P' i.e. 
7r _1 (7r(?7)) is open in P. We have 7r~ 1 (7r(f/)) — U — ^jO a , where O a 's 
are path components of P that intersect U. O-semilocally connectivity of P 
implies that Q 's are open and hence it~ 1 {it{U)) is open, as desired. □ 

Theorem 5.6. Let (P, //, r),c) be an H-group and (N, // ,rj' ,c') be a normal 
sub-H-group of P. Then P/N endowed with the quotient topology induced 
from P by it : P — > P/N is a homogeneous space. 

Proof. Let gxN,g 2 N e P/N and a £ P such that (aN).^^) = g 2 N 
(namely a = g2g\ 1 )- Define the mapping L aN : P/N — > P/N by L aN (gN) = 
(aN)(gN) = (ag)N. Then it is easy to check that L aN is well-defined map- 
ping of P/N onto itself. 

Continuity of L aN comes from continuity of L a : P — > P and universal 
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property of quotient map tt. Applying the previous argument to a~ l we get 
L a jv _1 = L a -iN which is continuous, hence L a ^ is a homeomorphism. There- 
fore P/N acts on itself by left and right translation (R aN (gN) = (ga)N) as 
a group of self homeomorphisms. Clearly these actions are both transitive, 
and hence the result holds. □ 

Remark. Note that L a is not necessarily a homeomorphism because L a o 
L~ l is homotopic to lp and is not equal to lp. But fortunately L a 's are 
homotopy equivalence. 

Definition 5.7. ( [AT] ) A quasitopological group G is a group with topology 
such that inversion and all translation are continuous. 

Theorem 5.8. Let (P, /i, rj, C) be an H-group and (N, //, rf, C) be a normal 
sub-H-group of P. Then P/N endowed with the quotient topology induced 
from P by tt : P — > P/N is a quasitopological group. 

Proof. It was proved in the previous theorem that all translations are contin- 
uous. Continuity of inversion follows from the universal property of quotient 
map q : P — > P/N and continuity of rj. □ 

Corollary 5.9. TT t op is a functor from the category of H- groups to the cat- 
egory of quasitopological group. 

Theorem 5.10. Let P be a 0-SLSC H-group with N as normal sub-H- 
group. Then 

(i) The canonical mapping tt : P — > P/N is a continuous and open homo- 
morphism; 

(ii) P/N endowed with quotient topology is a topological group. 

Proof, (i) By Proposition 5.5, tt is clearly a continuous and open map. It is 
enough to show that tt is a homomorphism. For this let g, g' G P. Then 

Tr(gg') = gg'N = (gN)(g'N) = tt^ttQ/), 
since A is a normal sub-H-group of P. 

(ii) By (i) tt is open map which implies tt x tt is quotient map and hence 
multiplication in P/N is continuous. Using Theorem 5.10, the result holds. 

□ 

Theorem 5.11. Let P be a 0-SLSC H-group with normal sub-H-group N, 
then P/N is a discrete topological group. 

Proof. Since P is 0-SLSC, iV is open which implies that the identity element 
in the topological group P/N is open, hence P/N has discrete topology. □ 
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Remark. If we consider quotients of H-groups and path component spaces 
by quotient topology as described above, then all of group homomorphism 
and group isomorphism in section 4 hold in the category of quasitopological 
group and continuous homomorphism. 

6. APPLICATIONS TO TOPOLOGICAL HOMOTOPY GROUPS 

In 2002, a work of D. K. Biss [B] initiated the development of a theory 
in which the familiar fundamental group 7Ti(X, x) of a topological space X 
becomes a topological space denoted by 7rJ op (X, x) by endowing it with the 
quotient topology inherited from the path components of based loops in X 
with the compact-open topology Among other things, Biss claimed that 
ir^ p (X,x) is a topological group. However, there is a gap in the proof of 
Proposition 3.1 in [Bj. For more details, see [CM] . P. Fabel [F] and Brazas 
[BR] , discovered some interesting counterexamples for continuity of multi- 
plication in 7r* op (X, x). 

In this section we provide some new results in topological homotopy 
groups and topological fundamental groups. In [Glj . the third author et.al. 
extended the above theory to higher homotopy groups by introducing a 
topology on the n-th homotopy group of a pointed space (X, quotient 
of the n-loop space Q n (X, x) equipped with the compact-open topology. Call 
this space the topological homotopy group and denote it by 7r^ op (X, x). The 
misstep in the proof is repeated to prove that 7r^ op (X, x) is a topological 
group [Git Theorem 2.1]. The third author et.al. in [G2] showed that for 
n-Hawaiian like spaces, n>2, 7r^ op (X, x) is a prodiscrete topological group. 
Hence, there is an open question whether or not 7r^ op (X, x), n > 1, is a 
topological group. 

Theorems 6.1, 6.2 and 6.4 in the following are reproved by using advan- 
tages of section 5 which can be found in [B] and [CMj . 

Theorem 6.1. If X is a path connected topological space, then 7r* op (X, x) = 
7r^ op (X, y) as quasitopological groups, for each x,y G X and n>l. 

Proof. By Example 2.2, a + is an H-isomorphism between Q(X, x) and Q(X, y), 
where a is a path from x to y. Since 7Tq° p is a functor, ir t op (a + ) is an 
equivalence morphism in category of quasitopological groups. Therefore 
T^iX^x) = ir t 1 op (X , y) . Also a + is a homotopy equivalence, hence Vla + : 
Q(Q(X,x),e x ) — > Q(Q(X,y),e y ) is an H-isomorphism and therefore a ho- 
motopy equivalence, where e z is constant loop at z G X. Consider Q n 
as the composition of Q with itself n times for n G N. For n > 1, we 
can construct by induction H-isomorphisms Q n (a + ) : Q(Q n (X, x), e x ) — > 
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n(n n (X,y),e y ), where fi n (a+)(A) = Q n - 1 (a + ) o A. Since 7r* op is a functor, 
^(^"(X, ej) = 7rl° p (Q n (X,e y )). Therefore < op (X,x) = 7r£*(fi n pf, x)) = 
7To° p (fi n (X, y)) = < op (X, y), as desired. □ 

Theorem 6.2. For homotopically equivalent topological spaces (X, x) and 
(Y,y), 7r^ op (X, x) = vr^ op (F, y) as quasitopological groups, for n > 1. 

Proof. We know that for each n G iV, Q n is a functor from pointed topolog- 
ical spaces to category of H-groups and hence fl n sends equivalent objects 
to equivalent objects. Since 7Tg 0p is also a functor with value in category of 
quasitopological groups, ir^ ({l n (X , x)) = 7TQ 0p (f2 n (F, y)), as desired. □ 

Lemma 6.3. For every locally path connected, semilocally simply connected 
space X, fl(X, x) is locally path connected, for each x G X. 

Proof. Use the proof of Lemma 3.2 in |CMj . □ 

Theorem 6.4. For every locally path connected space X, 7r^ op (X, x) is dis- 
crete topological group, for each x G X if and only if X is semilocally simply 
connected. 

Proof. Assume X is semi locally simply connected, by Lemma 6.3, Q(X, x) 
is locally path connected. Hence Corollary 5.3 implies that Tc t op (£l(X , x)) = 
7r^ op (X, x) is a discrete topological group. For converse see |CMl Theorem 

1]. □ 

H. Wada in [W] showed that for every m-dimensional finite polyhedron 
Y and locally n-connected space X, the mapping space X Y is locally (n- 
m)-connected. Therefore we have 

Theorem 6.5. For every locally n-connected pointed space (X,x), the loop 
space fl(X,x) is locally (n-1)- connected. 

In |G1] it is shown that topological n-th homotopy group of every locally 
n-connected metric space is discrete topological group. In the following the- 
orem we prove this result in general case, in fact without metricness. 

Theorem 6.6. For every locally n-connected space X, 7r* op (X, x) is a dis- 
crete topological group, for each x G X. 

Proof. By Theorem 6.5, Q(X,x) is locally (n-l)-connected space and so 
Q n (X, x) is locally O-connected or equivalently a locally path connected H- 
group. Also 7Tg 0p (fi n (A, x)) = 7r^ op (X, x), thus 7r^ op (A, x) is a discrete topo- 
logical group by Corollary 5.4. □ 
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A topological space X is called n-semilocally simply connected if for each 
x £ A there exists an open neighborhood U of x for which any n-loop in U 
is nullhomotopic in X. In |Glj it is proved that for locally (n-l)-connected 
metric spaces, discreteness of 7r^ op (A, x) and n-semilocally connectivity of 
X are equivalent. By using this and above theorem we have the same result 
without metricness. 

Corollary 6.7. Suppose that X is a locally (n-1)- connected space and x £ 
X . Then the following are equivalent: 

i) 7r^ op (X, x) is discrete. 

ii) X is n-semilocally simply connected at x. 

Definition 6.8. ([V]) A loop a : (I,dl) — > (X,x) is called small if there 
exists a representative of the homotopy class [a] £ tti (X, x) in every open 
neighborhood U of x. A non-simply connected space X is called small loop 
space if for every x £ A, every loop a : (I, dl) — > (X, x) is small. 

Biss in {Bj showed that the topological fundamental group of Harmonic 
Archipelago has indiscrete topology. Z. Virk in [V] introduced a class of 
spaces, named small loop spaces, and constructed an example of small loop 
spaces by using Harmonic Archipelago. In the next theorem we will show 
that topological fundamental group of every small loop space has indiscrete 
topology and so is a topological group. A basic account of small loop spaces 
may be found in jV]. 

Theorem 6.9. The topological fundamental group of every small loop space 
has trivial topology. 

Proof. Let A be a small loop space and x £ X. If there exists an open 
subset U of 7r^ op (A, x) such that ^ [/ ^ 7r* op (A, x), we can assume that 
U contains [e x ], the identity element of 7r* op (A, x). Let [a] £ 7r| op (A, x) 
such that [a] ^ U, then q~ l {U) is an open neighborhood of e x in f2(A, x) 
that does not contain a. There is a basic open neighborhood of e x like 
nr=i < K h Ut > such that e x £ fT=i < K» V >C q~ x {U). Let V = fXi U u 
then < I,V >C q~ l {U). Note that V is nonempty open subset of X, since 
x £ Ui, for each i=l,2,...,n. By small loop property of X, there exists a 
loop av : I — > V such that [at] = [ay]- But ay £< I, V > implies that 
[ay] = q(o!y) £ U, hence [a] = [ay] £ U, which is a contradiction. □ 

An n-Hawaiian like space A, means the natural inverse limit, lim(Y- {n \y*), 
where 

(Y l (n \ y ;) = \J(xix*) 

j<i 
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is the wedge of X- s in which Xj s are (n-l)-connected, locally (n-1)- 
connected, n-semilocally simply connected, and compact CW spaces. The 
third author et.al. in |G2j proved that the topological n-homotopy group of 
an n-Hawaiian like space is prodiscrete metrizable topological group for all 
n > 1. Also, they proved in |Glj that for a metric space X, 7r^ op (X, x) = 
7rJ op (f2 n_1 (X, x), e x ). Since weak join of metric spaces is metric, n-Hawaiian 
like spaces are metric which implies that 7rJ op (Y, y) = 7r^ op (AT, x), where Y 
is Q n ~ 1 (X, x) and y is e x for n-Hawaiian like space X. Therefore we have a 
family of spaces with topological fundamental groups as topological groups. 

Theorem 6.10. IfY = Q n ~ 1 (X,x) , for n-Hawaiian like space X andn > 1, 
then vr{ op (y, y) is a topological group. Moreover, it is a prodiscrete metric 
space. 
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